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J. Mather proved that for smooth proper mappings, infinitesimal stability is 
equivalent to local infinitesimal stability. The Reduction Theorem extends that 
result to mappings of arbitrary codimensions, for it says that the (global) codimen- 
sion of the mapping is the sum of all the multigerm codimensions. This formula 
seems to give a more manageable expression for the codimension than the original 
definition. (0 1989 Academic Press. Inc 
INTRODUCTION 
J. Mather has proposed a definition of codimension for a smooth proper 
mapping, namely the codimension of the tangent space to its A-orbit inside 
the tangent space to the space of smooth mappings (see [3] for more 
details). On the other hand J. Cerf in [ 1, p. 231 has proposed a simple 
formula for the same codimension which works in a certain class of smooth 
mappings. The main theorem in this work presents a formula for the 
codimension which works for any smooth mapping but still has the 
manageability appeal of Cerfs. 
The formula of the main theorem may be handy for the study of map- 
pings, say of finite codimension, for then it immediately follows that there 
is a finite number of special critical values and there are specific bounds for 
the codimensions of the germs of the mappings at the singularities over 
these critical values. 
On the other hand, the formula extends a result of Mather in [S], see 
below the remark after the statement of the main theorem. 
RECALLING SOME NOTATION 
Let f: N + P be a smooth map between finite dimensional smooth 
manifolds. Let 0(N) be the space of smooth vector fields on N and let 0(f) 
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be the space of smooth sections of the bundlef*( TP), pull-back by f of the 
tangent bundle TP. Consider the linear maps rf and wf defined respectively 
on 8(N) and O(P) with values on O(f) given by the formulas 
tf(s)(x) = 4Mx)) 
d-(n)(x) = W(x)) 
for all x E N, s E B(N), n E O(P). 
DEFINITION (see [3]). We say that fis of finite codimension if 
w  = w-vww)) + wfuw) 
has finite dimension as a (quotient) vector space. In this case we say that 
the codimension off is dim V(f), i.e., codim(f) = dim V(f). If V(f) is not 
finite dimensional then we say that codim(f) = co. For XE N, e,(f) 
denotes the space of germs at x of elements of e(f). For x E N, B,(N) = 
O,( l,,,) and, for q E P, O&P) = tI,( lP). Let tf(e,(N)) and wf(B,(P)) be the 
images of the actions of rf and wf on B,(N) and O&P), respectively. Let 
Scf-‘(q) c N, consider 
w-) = 0 em 
res 
tfuww = 0 mm) = w-) 
x E s 
wfvh,(p)) = 0 f* vw)) 
( > XES 
= diagonal subspace of @ f*(e,(P)) c O,(f). 
XES 
Let C be the set of critical points off and let 
Cq= Cnf-‘(q) for any q in P. 
DEFINITION (see [4]). Let Scf-‘(q) and 
b(f) = ~smiwwav + wf(~fcs,m. 
The multigerm codimension off at S, denoted by codim,(f), is just the 
dimension of V,(f), i.e., 
codim,(f) = dim V,(S). 
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If V,(f) is not finite dimensional then we say 
codim,(f ) = a3. 
Statement of the main result. 
THEOREM 1 (Reduction Theorem). Let f: N + P be a smooth proper 
map between finite dimensional smooth manifolds. Then 
codim(f)= C codim.,(f), 
4tp 
where Cq = C n f -l(q) and C = critical set off: 
Remark. When the left hand side of the formula above is zero then the 
map f is said to be infinitesimally stable and, when the right hand side is 
zero then the map is said to be locally infinitesimally stable (see [S]). Then 
the formula above implies that for a smooth proper map the two notions 
are equivalent, which is a result of Mather in [S]. 
To prove Theorem 1 we shall need a number of lemmas. 
LEMMA 2. If f has finite codimension, say codim(f) = L, then 
# Cq 6 p + L for every q E P, where p = dim P. In particular Cq is a finite 
subset off ~ ‘(9) for every q E P. 
Proof of Lemma 2. Counting dimensions. 1 
CONSTRUCTION OF THE LINEAR MAP r 
There are linear maps, 
rs: e(f) - es(f) 
for any subset SC f -l(q) c N defined by taking the germ at x of the 
element of O(f ), for every component of O,( f ). ‘Then we have induced 
restrictions 
tf(@N)) - tf(es(N)), 
wf (e(P)) - wf (e,,,,), 
tf(e(N)) + wf(e(P)) - tf(uN)) + wf(eYcs,), 
r s -: V(f)- V,(f) 
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in particular for S = Cq n f ~ l(q), 
r ;q: WI - V,-,(f). 
Finally define r = 0 y t p r& : V(f) -+ 0 ,, E p Vc,(f). 
We shall prove first that r is surjective when codim(f) < co, which will 
be accomplished with Corollary 7 below by means of the technical 
Lemmas 3 and 5. 
LEMMA 3. Let j’: N + P he a proper smooth map. Suppose that { [mi], 
i = 1, k} is a set of linearly independent vectors in V,(f ), then there exists 
{Cm;l, i=l,k}, a set of linearly independent vectors in V( f ), such that 
rCy( Cm,:]) = [mi] in V,,. Moreover if U, is a neighborhood of Cq, then 
some representatives m; can be chosen so that supp(m,: ) c closure of U,. 
Proof of Lemma 3. With the hypothesis above it is clear that the con- 
dition r;J Cm,:]) = [mi] in V,, for i= 1 to k, implies that {[m,:], i = 1, k} 
is a linearly independent set. 
The last statement of the lemma can be achieved considering a bump 
function, zero outside U,. 
Existence. Consider {m,, i= 1, k} a set of representatives (multigerms) 
for { [mi], i= 1, k}. Recall that Cq is compact (and closed) since f is 
proper and Cq = CA f -l(q). For any i from 1 to k, we can consider the 
xth (XE Cq) component in its decomposition, 
where each m,,X E e,( f ). 
For each x E Cq we choose a neighborhood U,,, of x in N such that a 
representative t,,+. of the germ m,,T is defined on Ui,X. Consider Ux = 
nr=, Ui,X for each x E Cq (open neighborhood). Then Cq c IJ,, cy Ux =z- 
Cq c U;= 1 Ux, for some xj E Cq because Cq is compact. Associated with the 
locally finite open covering {N- Cq} u { Uxj; j= 1, s} there is a smooth 
partition of unity, say {B,}, h w ere supp( B,) c N - Cq and supp( B,) c Ux, 
for j= 1 to s. For i= 1 to k, we consider ti = z,;=, B,t,,, which is a global 
section off *( TP), i.e., ti E 0( f ). 
Observe that if we restrict ti in e(f) to d,,(f) we get m, or in other 
words, 
r&(Ctil) = Cmil in VcJf ). I 
We get the following immediate corollary. 
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COROLLARY 4. Let f: N + P be smooth and proper, then 
rcy : V(f)- &Jf) 
is surjective for each q E P, consequently 
dim V,,(f)bdim V(f). 
LEMMA 5. Let f be proper and B a finite subset of P. Then 
rs= @ rcq: V(f)- 0 vc, 
YCB qtB 
is surjective. In particular 
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Let us present the following corollary. 
COROLLARY 6. Let f be a smooth proper map with 
codim(f) = L < 00 
moreover #Id L. 
and, I= {q E PI codim,,(f) > 0}, then I is a finite set, 
c dim V,(ff<dim V(f), 
4eB 
c codim,,(f)<codim(f). 
YCB 
Proof of Corollary 6. Immediate from Lemma 5. 1 
Proof of Lemma 5. Let B= {q’, q2, . . . . qk} c P. Choose open nbhds. U, 
of Cq’ in N, with pairwise disjoint closures. Given ZE 0% 1 V,,,(f ), say 
z = (Z’, zz, . ..) Z”), we look for [m] E V(f) such that 
rB( [ml) = Z = (Z’, Z2, . . . . Z”). 
Using Lemma 3, we can find global sections mi off *( TP), with supp(m;) c 
clousure of U,i such that 
rcyS( [mi]) = Z’. 
Observe that rcJ [mi]) =0 if i# j. Now we define m in 0(f) by m = 
0: mi. Observe that rcq,( [ml) = 0’; r,,,( Cm,]) = Zj for each j* 
rB( [ml) = (Z’, Z2, . . . . Zk) = Z * rB is onto. 1 
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Observe that if I= {q E P ( codim,,(f) > 0}, then we can set (via a can- 
nonical identification) 
0 V,,(f) = 0 V,,(f). 
4tp 4tl 
We know by Corollary 6 that if codim(f) = L then #I< L, so we get the 
following corollary of Lemma 5. 
COROLLARY 7. Zf codim(f) is finite, then 
r: V(f) - @ V,,(f) is onto. 
YEP 
Proof of Corollary 7. By Lemma 5 we know that r, is onto, but r = rI 
because of the identification above. u 
INJECTIVITY 0F r 
This crucial step will be accomplished with Lemmas 8 and 9. 
LEMMA 8. Let f: N -+ P be smooth and proper. Suppose that [m] E V(f) 
and rcq( [ml) = 0 in V,,(f ), then there exist: 
1. neighborhood U of Cq in N, 
2. neighborhood V of q in P, 
3. smooth section s of TN,“, 
4. smooth section n of TP,. 
such that f( U) c V and, m = Tf(s) + (n(f )), on U. 
Proof of Lemma 8. The fact that rcq( [ml) =0 in V,,(f) implies, 
considering the x-component in 
k/(f)= 0 e,(f), 
xecq 
that m, = Tf(s,) +fX*(n,) for all x in Cq, where s, is the germ at x of a vec- 
tor field on N and nq is the germ at q of a vector field of P, and this n4 is 
independent of x in Cq. This means that we have neighborhoods Ux in N 
with sections sx defined on Ux and n defined on a neighborhood V, of q, 
such that mlux = Tf(s”),uX + (n(f )),vx and of course f( Ux) c V,. Recall 
that Cq = Cn f -l(q); then Cq is compact and closed. Cq c u,, cq Ux then 
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there exists a finite set of points x,, x2, . . . . xk in Cq such that Cq c U = 
0’; ux,. 
Let {B,, 4, . . . . &, 4+, } be a partition of unity associated to the open 
covering i=l{Uxi)ku(N-Cq) (ofN). Then we can consider s= 
C:= 1 KS,,> which is a global vector field on N. Let V= U: V,,. Then we 
can check: 
(I) f(U)=f(U:=, uxi)cUfI=l Kc,= v9 
(11) miu= V(s),,+ w-)),o. I 
LEMMA 9. Let f: N -+ P he a smooth proper map. Then 
r: V(f) - @ V,,(f) is one-to-one. 
4ep 
Proof of Lemma 9. This proof follows, in part, the proof of (d) * (e) in 
[S, p. 3153. 
Suppose that r([m])=O in eqcp V,,(f) for some [m] in V(f). To 
prove that r is injective, we shall show that there exist vector fields s on N 
and n on P such that 
m = tf(s) + (n(f)) on N. 
For every qE P, rcq( [m]) = 0 in V,(j), then by Lemma 8, there exist 
sy E t?(N) and n4 E 8(P) such that 
tf(s,) + (n,(f)) = m on U,, 
where U, is a neighborhood of Cq in N. 
The critical set off, C, is a closed subspace of N. From [6] and the fact 
that f is proper, it follows that f is a closed map. Let V, = P -f(C- U,). 
Observe that V, is an open neighborhood of q because Cq c U,. 
Let (Bi1i.A be a partition of unity on P, subordinate to { Vq}qcp, i.e., 
iBi)icA is a P-partition of unity such that for each iE A there exists 
q = q(i) E P, with supp(B;) c Vqci). Let 
icA 
and 
nl = c Bin,(,). 
iEA 
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Then (V(s,) + nl(f)llu = mluT where U = nieA (U,,,, u f-‘[P - 
SuPP( ), because tf(BAf) ~~~~~~ + (Bin,q,i,)(f) - (BiLf)) m = 0 on 
uy(i) u .I- ’ Cp- suPP(Bi)l. 
We shall show that U is open. Let x E U, then there is a neighborhood G 
of f(x) in P such that G n supp(Bi) = @, except for a finite set of indices 
J(x)= {iI, i,, . ..) ik}, i.e., GcP-supp(Bi) for i$J(x). Let V=f-‘(G), 
then XE I’ and Vcf-‘(P-supp(Bi)) for i$J(x). Then XE Vn niEJcxj 
{~“~~i~uf~‘CP~suPP~~~~l~}~ s’ mce J(x) is finite, this intersection is open 
and it is contained in U, then U is open. 
Next we show that Cc U. Let x E C then for any i E A, either x E Uyci, or 
x$ Uycij. In the last case we have that 
ftx) Ef(C- uy(i)) *fCx) $ vq(i) *f‘Cx) 4 s”PP(Bi) 
*xEf-‘(P-supp(B,))*xE u*cc u. 
So we have shown that m - tf(s,) - n,(f) vanishes on the neighborhood 
U of C. On the other hand, since 
df, : TN, - Tpf , x ) 
is onto for all x $ C, it follows that there exists s2 E 8(N) such that 
m - tf(s,)-n,(f) = tf(s,) on N, (see [2, p. 78, Prop. 2.11). Then 
m = tf(s, + s2) + n,(f) on N, so we have that [m] = 0 in l’(f) 3 r is one- 
to-one. fl 
Proof of Theorem 1 (Reduction Theorem). In view of Corollary 7 and 
Lemma 9 above, we have that if there is a smooth proper map of finite 
codimension, then the linear map 
is an isomorphism, hence codim(f) = xqt p codim.,(f). Therefore we have 
that if codim(f) < cc then 
codim(f) = c codim,,(f) < co. 
4EP 
If codim(f) = co, we can still use Lemma 9 (does not use finite codimen- 
sion) and we have that 
r: V(f) - @ V,,(f) is one-to-one, 
YSP 
which implies that the right hand side is infinite dimensional if the left hand 
side is. i 
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